We present new, tight, constraints on the cosmological background of gravitational waves (GWs) using the latest measurements of CMB temperature and polarization anisotropies provided by the Planck, BICEP2 and Keck Array experiments. These constraints are further improved when the GW contribution N GW eff to the effective number of relativistic degrees of freedom N eff is also considered. Parametrizing the tensor spectrum as a power law with tensor-to-scalar ratio r, tilt nt and pivot 0.01 Mpc −1 , and assuming a minimum value of r = 0.001, we find r < 0.089, nt = 1.7 . We discuss the limits coming from direct detection experiments such as LIGO-Virgo, pulsar timing (European Pulsar Timing Array) and CMB spectral distortions (FIRAS). Finally, we show future constraints achievable from a COrElike mission: if the tensor-to-scalar ratio is of order 10 −2 and the inflationary consistency relation nt = −r/8 holds, COrE will be able to constrain nt with an error of 0.16 at 95% CL. In the case that lensing B-modes can be subtracted to 10% of their power, a feasible goal for COrE, these limits will be improved to 0.11 at 95% CL.
I. INTRODUCTION
After the impressive confirmation of the standard ΛCDM model of structure formation by many ground, balloon and space experiments [1] [2] [3] [4] , the search for primordial gravitational waves (GWs) is one of the main goals of modern cosmology. Long-wavelength gravitational waves are predicted by the current go-to theory for the solution to the horizon and flatness problems of the Hot Big Bang picture (and the generation of primordial density perturbations), i.e. cosmic inflation [5] [6] [7] . The scale at which inflation occurs is related to the amount of primordial tensor power, while the simplest models (with a single degree of freedom parametrizing the evolution of the inflationary energy density) predict the tensor spectrum to be slightly red-tilted (see [8] for a comprehensive review). Constraining the tensor amplitude and tilt, then, will be an important step in the discrimination between different models of the early universe (see e.g. [9] for a recent review).
In this paper we update the constraints on the parameters describing the tensor spectrum P t (k) in light of the Planck 2015 data [10] , the measurement of the BB spectrum from the BICEP2/Keck -Planck (hereafter BKP) combined analysis [11] , and the recently released 95 GHz data from Keck Array [12] . We consider a power law parametrization of ∆ 2 t (k) ≡ k 3 P t (k)/2π 2 in terms of the tensor amplitude A t and the tilt n t , i.e.
where A t is the amplitude of the tensor power spectrum at the pivot scale k . The scalar spectrum ∆ 2 s (k) will be analogously parametrized in terms of its amplitude and the spectral index n s , i.e. 
and we will consider the tensor-to-scalar ratio r ≡ A t /A s in place of A t in the following analysis. It is well known that the sensitivity of Cosmic Microwave Background (CMB) experiments to P t (k) comes from the contribution of primordial tensor modes to the angular power spectra of the CMB temperature and polarization anisotropies, i.e.
where ∆ t ,X (k) are the transfer functions (X = T, E, B) for tensor modes, dependent on late-time physics. The accurate measurement of T , E and B anisotropies from the Planck experiment at large scales, together with the limit on B-mode polarization from the BKP joint analysis, has allowed to obtain r 0.002 < 0.08 at 95% CL (Planck TT + lowP + BKP dataset: see [13] ).
Measurements of CMB anisotropies alone, however, are limited to scales k from ≈ 10 −3 Mpc −1 to ≈ 10 −1 Mpc −1 : a much larger range of scales becomes available when one considers the following experiments, also sensitive to primordial GWs [14] [15] [16] (see figure A2 of [17] for details about sensitivities) :
• direct detection experiments, such as LIGO [18, 19] , and Virgo [20, 21] . With these ground-based interferometers one can probe the primordial gravitational wave spectrum in a range of frequencies ∆f (with 2πf = ck) from ∼ 1 Hz to ∼ 10 4 Hz, while the planned space-based eLISA [22, 23] , DECIGO [24, 25] and the proposed Big-Bang Observer (BBO) [26] focus on frequencies from ∼ 10 −4 Hz to ∼ 1 Hz;
• high-stability pulsar timing experiments, like the European Pulsar Timing Array (EPTA) [27] , which are sensitive to GWs in frequencies between ∼ 10 −9 Hz and ∼ 10 −7 Hz;
• measurements of the CMB energy spectrum [28] : two recent papers [29, 30] showed how the integrated tensor power from k ≈ 10 3 Mpc −1 (f ≈ 10 −12 Hz) to k ≈ 10 6 Mpc −1 (f ≈ 10 −9 Hz) gives a contribution to the spectral distortions of the CMB spectrum, subleading with respect to distortions caused by Silk damping of acoustic waves in the baryon-photon fluid [31] [32] [33] (which, conversely, allow to probe the integrated spectrum of scalar perturbations [34, 35] ).
For a visual impression of the various scales probed by these different observables see the illustrative plot Fig. 1 .
In addition to this, primordial gravitational waves have also an effect on the expansion of the universe: being relativistic degrees of freedom, they will add to the effective number of relativistic species N eff [36, 37] , increase the radiation energy density, and therefore decrease the redshift of matter-radiation equality, as one can see from the relation
This alters the CMB power spectrum in a way similar to that of additional sterile, massless neutrinos (see [38, 39] and references therein for an analysis of these effects). The contribution to the radiation content of the universe will also affect primordial nucleosynthesis (BBN). A larger amount of gravitational waves will result in a more rapid expansion of the universe: this, in turn, means that neutrons will have less time to decay before the freezeout of weak interactions, leading to a larger neutron-toproton ratio and an overproduction of helium. One can then consider the astrophysical constraints on the abundances of light elements like helium [40, 41] and Deuterium [42] , and the effect that altering the value of the primordial helium abundance Y P has on the CMB angular power spectrum [43, 44] .
Several authors have used these observables to provide constraints on both the primordial and not primordial , nt = 0.35) over a range of frequencies f going from 10 −17 Hz (smallest frequency that can be probed with CMB anisotropies) to 10 4 Hz (largest frequency available to ground-based experiments). The vertical arrows represent the current upper bounds on the tensor amplitude at different scales. We show with a gray dotted line the prior on r used in our analysis (r > 0.001). The filled regions show which is the relevant ∆f for the various observables discussed in the text. We refer to Sec. II A for a more accurate discussion regarding primordial abundances and the effect on CMB anisotropies. We stress that this plot has only illustrative purposes.
(e.g. the possible contribution coming from networks of cosmic strings [45, 46] ) gravitational wave spectrum [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] . We note that in most of these works the tensor-toscalar ratio r is fixed at a reference value: if this value is high enough (e.g. of order 10 −1 ), this will result in more stringent constraints on the tilt (see, e.g., [52] ). In our case, instead, we consider r as a free parameter, varying along with the tilt.
Before going on, we highlight which are the main novelties of this work:
• we include the recent B-mode polarization data coming from the BICEP2 and Keck Array experiments [12] that improve significantly the constraints on the tensor mode amplitude r;
• we examine which limits can be obtained from CMB µ-distortions. While the current sensitivity (the state of the art being the FIRAS instrument on the COBE satellite) is too low for this observable to be competitive with the other ones discussed in the text, we note that this is a "pure CMB" constraint on the tilt, in the sense that no other observable besides the Cosmic Microwave Background is used to obtain it. Besides, one has to keep in mind that future experiments like PIXIE [63] and LiteBIRD [64] are planned to have order 10 3 times the sensitivity of FIRAS: therefore the limits from spectral distortions that we obtain in this paper will certainly be improved;
• we explicitly include in our analysis the above mentioned effect of gravitational waves on Y P and the bound on N eff from the observations of light element abundances;
• we perform a forecast on the parameters r and n t combining future CMB experiments like COrE [65] and GW direct detection experiments as AdvLIGO [66] . We consider a fiducial cosmology where the tensorto-scalar ratio is of order 10 −2 , with tilt fixed by the single-field slow-roll consistency relation n t = −r/8. Such values of r will be probed by ground-based experiments like AdvACT [67] , a new receiver for the Atacama Cosmology Telescope based on projected improvements of the existing ACTPol camera [68] . The reason for this analysis is the following: if primordial tensor modes are detected, and there is no more the freedom of changing the overall scale of the spectrum, constraining its scale dependence will be one of the main goals of future B-mode cosmology [69] ;
• we include delensing in our forecasts: recently it has been shown that lensing B-modes can be subtracted to 10% of their original power if noise is brought down to ≈ 1 µK · arcmin [70] . In this case, a larger range of multipoles becomes available to probe the scale dependence of the B-mode spectrum from tensors, leading to stronger constraints on n t : we refer to Sec. III C for details.
The paper is organized as follows: the next section contains a more detailed description on the observables introduced above. In Sec. III we present our data analysis and forecasting methods, in Sec. IV we discuss our results and we draw our conclusions in Sec. V.
II. GW SPECTRUM AND OBSERVATIONS
The spectrum of primordial gravitational waves, at the present time and at a given frequency f = k/2π (we take a(η 0 ) = 1), is given by [47, 52, 71 ]
where ρ c = 3H 2 /8πG is the critical density. This expression is found by solving the evolution equation for the gravitational wave amplitude in an expanding universe: for a detailed treatment of transfer functions for tensor perturbations, see [72, 73] .
Plugging in numerical values (i.e. f /Hz = 1.6 × 10 −15 k/Mpc −1 ), we obtain
for a pivot scale k = 0.01 Mpc −1 .
Starting from this formula, we can discuss the impact that GWs have on the various observables that will be used in our analysis, starting from the effects on nucleosynthesis and the abundances of primordial elements.
A. Nucleosynthesis and primordial abundances
The gravitational wave contribution to the number of relativistic degrees of freedom g * (T ) at temperature T is given by:
where the factor of 2 comes from the two helicities of tensor perturbations. At temperatures T 1 MeV, when the relativistic degrees of freedom are e ± , γ, ν and GWs, expressing g * (T ) in terms in the effective number of neutrino species N eff = 3.046 + N
GW eff
gives
In order to relate this to Eq. (5), which involves the spectrum of primordial gravitational waves at the present time, one notes that from T 1 MeV to the present time ρ GW scales as a −4 , while the photon energy density evolves as ρ γ ∼ 1/(a 4 g 4/3 * ,s ) (i.e. by keeping entropy constant). The result is:
where T 0 is the temperature of the CMB at the present time η = η 0 . Multiplying both ρ GW and ρ γ by 1/ρ c , and using the definition of Ω GW (f ) given in Eq. (5), one obtains:
(10) Inserting numerical values one can find [15, 50, 61] :
If, instead of considering temperatures T 1 MeV, one starts from times around decoupling (relevant for how N eff affects the CMB spectra), one can find that the expression of N GW eff in terms of ρ GW is the same as that of Eqs. (10) and (11) .
In the above equations the gravitational wave spectrum is integrated over all frequencies, from f = 0 to f = +∞. In reality there are both IR and UV cutoffs to this integral:
• the IR cutoff comes from the fact that the only gravitational waves that contribute to the radiation energy density at a given time η are those inside the horizon at η = η. In fact these are the ones that have begun to oscillate, and then propagate as massless modes [74, 75] . This means that we have to consider two different N GW eff :
1. the first one is N GW eff,BBN , the contribution of GWs to N eff that will enter in the computation of the abundances of primordial elements. Its IR cutoff will be the frequency corresponding to the horizon size at the time of nucleosynthesis, i.e. ≈ 10 −12 Hz. Actually we take the cutoff to be of order 10 −10 Hz, since, realistically, the gravitational waves will need to oscillate for a while after entering the horizon before contributing to ρ rad , see for details figure 2 of [74] and [50, 76] ; 2. the second one is N GW eff,CMB , that will affect the CMB power spectra through its effect on the redshift of matter-radiation equality and the comoving sound horizon. Its IR cutoff will be the horizon size at decoupling. This would be given by ≈ 10 −17 Hz, but we take it to be of order 10 −15 Hz for the same reason as before [50] .
The two contributions to N eff will differ a lot from each other only in the case of very red tensor spectra (when the resulting N GW eff is too small to have an effect anyway): for blue spectra the dependence of ρ GW on the IR cutoff is very weak;
• the UV cutoff is more arbitrary: if gravitational waves are produced by inflation, we expect a cutoff corresponding to the horizon size k end (≈ 10 23 Mpc
for GUT-scale inflation and instant reheating -see Sec. VI A for a derivation) at the end of inflation, since GWs of smaller wavelength will not be produced. Other authors make different choices for U V cutoff, without referring to the inflationary theory [58] : for example one can suppose to have a production of gravitational waves up to the horizon size before the ≈ 60 e-folds of hot Big Bang expansion. In [52] , instead, the authors choose the UV cutoff to be given by the Planck frequency, i.e. f P ≈ 1/t P = 10 43 Hz (with k P ≈ 10 57 Mpc −1 ). Among these options, we choose k UV = k end ≈ 10 23 Mpc −1 : this allows to be more conservative with the constraints on the tensor tilt, since for a given n t , a larger UV cutoff will result in a larger N GW eff . There are still some caveats to this argument, however, since the scale of the end of inflation is not determined unless the details of the transition to radiation dominance are specified: we refer to Sec. V for a more complete discussion.
We conclude this section by noting that the integral in Eq. (11) Once the tight-coupling approximation breaks down, the anisotropic stresses in the photon-baryon plasma become manifest, generating the dissipation of acoustic waves by Silk damping: at redshifts above z ≈ 2 × 10 6 ≡ z µ,i , this energy released in the plasma is thermalized successfully by processes like elastic and double Compton scattering (e − + γ → e − + 2γ), resulting again in a black-body spectrum with a higher temperature [77] . At redshift between z µ,i and z ≈ 5 × 10 4 ≡ z µ,f , elastic Compton scattering allows to still achieve equilibrium, but photon number changing processes are frozen out due to the cosmic expansion and cannot re-establish a black-body spectrum. The result is a perturbed Planck spectrum that can be approximated by a Bose-Einstein distribution 1/(e x+µ(x) − 1) (x ≡ hν/k B T ), where µ(x) can be identified as a chemical potential, independent on frequency away from the Rayleigh-Jeans tail [78] .
The photon quadrupole anisotropy plays a crucial role in this dissipation process, giving rise to shear viscosity in the photon fluid [79, 80] . It is not, however, the only source of energy injection: the local quadrupole anisotropy is also sourced by tensor perturbations, without the need of photon diffusion [81] . Thomson scattering then mixes photons causing nearly scale independent dissipation [29, 30] .
Using the Bose-Einstein distribution 1/(e x+µ(x) − 1) plus the fact that, for z µ,f z z µ,i , the total number of photons is constant, one can show that for an amount of energy (density) δE released into the plasma the resulting µ-distortion is
where d(Q/ρ γ )/dz is the energy injection as a function of redshift: d(Q/ρ γ )/dz will be also be a function of position, i.e. there will be inhomogeneities in the chemical potential µ. If we focus on the µ-monopole µ , instead, one can show that:
where
with σ T being the Thomson cross-section and n e the number density of free electrons;
where Γ = 32H(1 − R ν )/15aσ T n e , the damping of the gravitational wave amplitude due to photons, is approximately equal to 5.9 during radiation domination, i.e. when µ-distortions are generated. The factor of 1.29/2 arises from the average T (x) of the transfer function T (kη) for tensor perturbations [82] , once the effect of neutrino free-streaming [73, 83] is taken into account.
We note that in Eq. (16), the integral in d log k extends on all wavenumbers from k = 0 to k = +∞: at long wavelengths the time derivative of the transfer function for the gravitational wave amplitude vanishes, so that no superhorizon heating occurs (we will not reproduce the calculations here, and refer to [73] for details). At small scales, however, there is an UV cutoff given by the photon mean free path k mfp = aσ T n e ≈ 4.5 × 10 −7 (1 + z) 2 Mpc −1 , since for larger momenta photons stream quasi-freely and add little heating [30] .
Taking into account the cutoff for the tensor case, one can obtain estimates for the contribution of scalar and tensor perturbations to the µ-distortion monopole
. (17b)
is the Silk damping scale (photon mean free path) at redshift z. Plugging in numerical values, we get
Tensors and scalar modes are not the only source of distortions: a third source is the so-called adiabatic cooling of photons [78, 84] . The difference in adiabatic indices of photons and baryons implies that, in the tight-coupling era, the baryonic matter must continuously extract energy from the CMB in order to establish T b ∼ T γ . This cooling of the Planck spectrum would, in principle, lead to a Bose-Einstein condensation: however the time-scale for this to happen is quite long and no condensate is in reality possible. This effect can be described by a negative contribution to the overall d(Q/ρ γ )/dz, given by [85] 
where a R is the radiation constant. We take also this effect (which gives a µ ac of order −2.8 × 10 −9 ) into account in our analysis: the total µ-distortion is, then, the sum µ = µ s + µ t + µ ac .
C. Pulsar timing + ground-and space-based interferometers
In this short section we briefly review the physics of interferometers and pulsar timing. We refer to [15] (and references therein) for a more detailed treatment, which is outside of the scope of this paper.
Pulsar timing
Pulsars are neutron stars formed during the supernova explosion of stars with 5 to 10 solar masses. Because of the great intrinsic stability of their pulsation periods, precision timing observations of pulsars (in particular, millisecond pulsars), can be used to detect GWs propagating in our Galaxy [86] : the reason is that the observed pulse frequencies will be modulated by gravitational waves passing between the pulsar and the Earth. This will give rise to a timing residual : the deviation of the observed pulse time of arrival from what is expected given our knowledge of the motion of the pulsar and the strict periodicity of the pulses. If one considers a gravitational wave propagating towards the Earth and traveling in the z-axis, the GW-induced timing residual of an observation at time t (calling t 0 the starting time of the experiment) is given by [15] 
where θ is the polar angle of the Earth-pulsar direction measured from the z-axis, ψ is a rotation in the plane orthogonal to the direction of propagation of the wave (in this case the (x, y) plane), corresponding to a choice of the axes to which the + and × polarization are referred, and t − s/c is the time when the GW crossed the Earth-pulsar direction (with s being the distance along the path). One can, therefore, relate the ( variance of) these timing residuals to the energy density of the GW background. More precisely, EPTA will be sensitive to the integral of the spectrum Ω GW (f ) in a small interval of frequencies around the frequency f PTA , which will be in the range ∼ 10 −9 Hz ÷ 10 −7 Hz.
Ground-and space-based interferometers
The basis of present detectors is the effect of gravitational waves on the separation of adjacent masses on Earth or in space [87, 88] . GW strength is characterized by the change 2∆L/L in the separation of two masses a distance L apart. We consider a wave propagating in the z-direction, with strain h µν given by
and place two masses at the origin and at x = L. We can measure the distance between the two masses by sending a laser beam from the source at x = 0 to x = L and back, and measure the phase of the returned beam relative to that of the source. In the presence of a gravitational wave, the "round-trip (rt) phase" Φ(t rt ) is
for "plus" oriented wave with a period much longer than the round-trip light travel time. With an analogous setup along the y-axis, instead, one gets
The difference in phase shift ∆Φ = Φ y (t rt ) − Φ x (t rt ) between the two arms will be proportional, then, to the gravitational wave amplitude h + . Considering averages of the squared difference in phase shift, direct detection experiments are able to probe the spectrum of a stochastic background of gravitational waves.
III. METHOD A. Monte Carlo method and datasets
We perform a Monte Carlo Markov Chain (MCMC) analysis, using the publicly available code cosmomc [89, 90] . We vary the six standard ΛCDM cosmological parameters, namely the baryon density Ω b h 2 , the cold dark matter density Ω c h 2 , the sound horizon angular scale θ, the reionization optical depth τ , the amplitude log(10 10 A s ) and spectral index n s of the primordial spectrum of scalar perturbations. We add to these the tensor-to-scalar ratio r and the tensor spectral index n t . Unless otherwise stated, we normalize the inflationary parameters to the pivot wavelength k = 0.01 Mpc −1 , roughly corresponding to 150, using the approximate formula
. This is where the data published by the BKP collaboration are most sensitive and it is close to the decorrelation scale between the tensor amplitude and slope for Planck and BKP joint constraints [13] .
Our reference dataset is based on CMB temperature and polarization anisotropies. We analyze the BB power spectrum as measured by the BKP collaboration (first five bandpowers) [11] , in combination with the temperature and polarization Planck likelihood [10] . More precisely, we make use of the T T , T E, EE high-likelihood together with the T QU pixel-based low-likelihood. We also compare the BKP BB power spectrum to the recently released BICEP2/Keck Array polarization data (BK14, hereafter) [12] . Note that, when using these datasets, we perform the analysis both with and without N GW eff . The second case could seem unrealistic: in fact, if GWs are present, they will surely contribute to the number of effective radiation d.o.f. However, it is possible to have scenarios where the contribution of neutrinos to N eff is lower than 3.046 [91] [92] [93] . For this reason instead of referring to a specific non-standard model for computing the contribution of neutrinos to N eff and subsequently add the N GW eff contribution, we follow a more generic approach and we assume a total value of relativistic degrees of freedom of 3.046 (in agreement with current cosmological constraints) as the final sum of the two contributions.
We will consider, then, the following extensions to our reference dataset:
• BAO and Deuterium. We use baryon acoustic oscillations (BAO) to break geometrical degeneracies, as reported in [94] : the surveys included are 6dFGS [95] , SDSS-MGS [96] , BOSS LOWZ [97] and CMASS-DR11 [97] . We use primordial Deuterium abundance measurements [42] to constrain the relativistic number of degrees of freedom, assuming standard BBN. We do not use primordial helium measurements, since they are less constraining: this is due to the uncertainty in the neutron lifetime, which affects the computation of the helium abundance that will be then compared to observations (for a recent discussion about the effect of this uncertainty on cosmological parameter estimation, we refer to [98] ). When used in combination with CMB data, we will denote this joint dataset by EXT;
• FIRAS limits on deviations of the CMB from a blackbody spectrum, µ = (1 ± 4) × 10 −5 (at 68% CL) [28] ;
• LIGO-Virgo limit on Ω GW (f ) for frequencies in the band 41.5 Hz -169.25 Hz coming from the LIGO and Virgo joint analysis [99] , i.e. Ω GW (f ) ≤ 5.6 × 10 −6
(95% CL). We note that the scales at which LIGOVirgo is sensitive are likely dominated by astrophysical GW backgrounds (such as, e.g., gravitational waves from binary mergers or rotating neutron stars): for this reason the limits that we will obtain on n t in this case must be regarded as conservative;
• pulsar constraints on a stochastic relic GW background at f = 2.8 × 10 −9 Hz obtained by EPTA in [100] , i.e. Ω GW (f ) ≤ 1.2 × 10 −9 (95% CL).
B. Simulated datasets for forecasts
For our forecasts we generate simulated datasets following the approach described in [101] (see also Sec. VI B).
Regarding the presence of foregrounds (like dust and synchrotron emission), we assume that these can be removed after being characterized by the high-and low-frequency channels of COrE (i.e. ν 100 GHz and ν 230 GHz), where the CMB is subdominant. We also assume that uncertainties due to foreground removal are smaller than instrumental noise (which we take as white and isotropic), and that beam uncertainties are negligible. We account for the impossibility of observing the full sky simply by reducing the degrees of freedom at each multipole with the sky fraction f sky (see Sec. VI B), and ignoring the induced correlations between different . Our fiducial model is described in Tab. I, while the specifics used for the COrE-like mission are listed in Tab. II.
In some cases, we consider also the upgraded version of current interferometer experiments, in combination with COrE simulated data. In particular, we focus our attention on AdvLIGO [66] (which we refer to as aLIGO in our plots), that will be able to reach a sensitivity of 10
on Ω GW (f ) at f = 100 Hz.
We also compare the forecasts from COrE alone with those from the combination Planck + BKP + AdvLIGO and Planck + BK14 + AdvLIGO: since a COrE-like mission (i.e. COrE++, see [102] ) is still in proposal stage, it is worth to investigate how limits on tensor parameters will improve thanks only to advancements in GW direct detection. and beam (FWHM in arcmin) specifications of the COrE experiment, from [65] . We suppose that the ten additional frequency channels (from 45 GHz to 795 GHz) are used for foreground cleaning. The fraction of sky covered is f sky = 0.8.
C. Delensing
Tensor modes are not the only source of B-mode polarization: gravitational lensing, in fact, generates a nonGaussian B-mode signal [103] . While interesting in its own right (see [104] for a review), it acts as another source of foregrounds when the goal is studying primordial tensor modes. However, if the lensing potential is reconstructed on small scales, one can remove the lensing contribution to the CMB B-mode spectrum at large scales, where the contribution from tensors dominates [105] [106] [107] [108] .
In the recent work [70] (more precisely, we refer to Fig. 4 -left panel) it is shown that, for an experiment with a noise level of order ∼ 1 µK·arcmin post component separation, one can bring the power of lensing B-modes down to 10% of their original value (see Fig. 2 ). Since we expect that COrE could reach these noise levels after component separation has been carried out, we implement a 10% delensing in our forecasts following [109] , i.e. by rescaling the lensing B-mode angular spectrum C lens of a factor of 0.1. This removal of lensing B-modes allows us to gain sensitivity to the scale dependence of ∆ 2 t on a wider range of multipoles. In Fig. 2 we see that if the C lens are reduced to 10% in power, for r = 0.1 there are ∼ 100 more multipoles available before the noise becomes larger than the signal. For lower values of the tensor-toscalar ratio the gain would be even larger [110] . 
IV. RESULTS

A. Current data
We begin this section with a discussion about priors. In the absence of primordial GWs detection, the bounds on the tensor tilt will be prior dependent: while taking a flat prior around n t = 0 is strongly motivated by scale invariance, there is no equivalently strong guidance on the prior range: in fact the effect of a very blue tilt could always be cancelled by a very small tensor-to-scalar ratio. For this reason, the limits we put on n t depend on which sampling of r we use for our MCMC exploration of parameter space: we have used in our analysis a linear prior on r, with r > 0.001 [111] . Had we chosen, e.g., a logarithmic prior on r, the tails of the two-dimensional contours depicted in Figs. 3, 4 would have extended on a wider range on the n t -axis, and the marginalized constraints on the tilt would have degraded: the more one samples regions at low r, the less tight the bounds on the tilt will be. This is a very important point, that must be kept in mind when interpreting Figs. 3, 4 and Tabs. III, IV.
Turning to the actual results, the first thing we notice from the left panel of Fig. 3 is that the posteriors for n t favor a blue tilt, when N GW eff is turned off and no additional observables besides CMB anisotropies are considered. This is due to the fact that we normalize our spectra at a pivot of 0.01 Mpc −1 . In fact, in order to be consistent with the low tensor power at large scales, where the constraints from the Planck data come from, a blue tilt is needed [112] . When we add the information from spectral distortions, pulsar timing or GW direct detection, instead, we find that the upper limits for the tilt decrease, in agreement with the fact that a too large n t would lead to a large and detectable tensor signal at small scales. Moreover, there is an almost horizontal cut in the twodimensional posteriors for r and n t : the reason is that the dependence of these three observables on the tilt is exponential, and this causes the posterior probability density function to be very steep in the n t direction. The left panel of Fig. 3 shows that the most constraining dataset is Planck + BKP + LIGO-Virgo, followed by Planck + BKP + pulsar and Planck + BKP + FIRAS.
This hierarchy is expected since the tensor and scalar contributions for spectral distortions are degenerate (as one can see from Sec. II B), and Eqs. (18) show that the scalar contribution µ s dominates over the tensor one unless n t is very large. Regarding the Planck + BKP + pulsar and Planck + BKP + LIGO-Virgo datasets we could have expected to obtain better constraints with pulsar timing than with direct GW measurements, since the former put more stringent upper limits on Ω GW . The reason why this does not happen is that the frequency range where pulsar timing operates is closer to the horizon size at recombination than LIGO-Virgo frequencies, therefore giving a weaker lever arm to estimate the scale dependence of the primordial tensor spectrum.
Our best bounds on the tensor parameters, obtained using the Planck + BKP + LIGO-Virgo dataset, are r < 0.085 and n t = 0.04
+0.61
−0.85 (both at 95% CL). Another thing that we notice is the following: since the low tensor power at large scales cannot be anymore accommodated by having a blue tensor tilt, the upper limits on the tensor-to-scalar ratio decrease as those on n t become tighter. This does not happen, however, for the Planck + BKP + FIRAS dataset: the reason is that the best-fit of Planck + BKP is excluded by the combination Planck + BKP + FIRAS, so regions of parameter space that were before forbidden at more than 2σ become again compatible with data at 95% CL. The same argument applies also to Planck + BKP + pulsar and Planck + BKP + LIGO-Virgo: in that case, however, the constraints on the tilt derived from Ω GW are strong enough that r must be brought down in order to have consistency with the Planck + BKP bounds on the large-scale tensor power.
The left panel of Fig. 4 and Tab. IV show that switching from BKP to BK14 polarization data has mainly the effect of tightening the bounds on the tensor-to-scalar ratio, while those for n t are practically unaffected. Given that the BK14 dataset puts more precise bounds on the BB power spectrum, one could expect to obtain also strongest constraints on the tensor tilt. However, since BK14 spectra prefer values of r lower than BKP ones, the gain from the higher experimental accuracy is cancelled by the lost sensitivity of the angular spectra to variations in n t . Similarly to the previous case, the best bounds on tensor parameters (r < 0.067, n t = 0.00 +0.68 −0.91 , both at 95% CL) are obtained by the combination of CMB anisotropies and direct detection experiments.
When we add the contribution N
GW eff
to the effective number of degrees of freedom N eff , Tab. III shows that we obtain more stringent constraints on r and n t , while we see from the right panel of Fig. 3 that the steep slope of the posterior in the n t direction is reproduced (recall Eqs. (12)). In particular we see that in this case, even if we are using "just CMB information" (i.e. the effect of N eff on CMB anisotropies only), we reach a constraining power comparable to or even better than CMB combined with GW direct detection experiments. Of course, by adding external astrophysical datasets (as BAO and primordial Deuterium abundance) we obtain even tighter bounds. Our best limits, obtained using Planck + BKP + EXT, are r < 0.080 and n t = −0.05 +0.57 −0.80 , both at 95% CL.
Also in this case, adding the BK14 dataset leads to better constraints on r: we see from Tab. IV that considering the Planck + BK14 + EXT dataset we reach r < 0.061 (95% CL). 
B. Forecasts
The results of our forecasts are reported in Figs. 5, 6 and Tabs. V, VI. For our first forecast we assume no detection of Ω GW in the future interferometer experiment AdvLIGO. The datasets we consider are the combination of current CMB measurements (Planck + BKP and Planck + BK14) and AdvLIGO experiment. Comparing the results obtained with the current data alone and in combination with AdvLIGO (Tabs. III, IV), we see that the constraining power of the next generation of direct detection experiments will be similar to what can be obtained by CMB experiments alone when the contribution N
GW eff
to N eff is included. We have then considered two fiducial cosmologies, one with r = 0.05 and one with r = 0.01: in both cases we have taken a fiducial value of the tilt given by r = −n t /8. The two-dimensional posteriors in the r -n t plane (Fig. 5) confirm what has been said in Sec. III C: when lensing Bmodes are removed, one is able to disentangle the effects of r and n t on the tensor B-mode spectrum (since more scales become available and one can distinguish a tilted spectrum from one that is simply rescaled by r).
Tab. V shows that COrE will be able to measure r = 0.01 with a relative uncertainty of order 3 × 10 −2 (10 −2 with 10% delensing). On the other hand it also shows that, even when delensing is considered, COrE will not be able to probe the inflationary consistency relation with high enough accuracy to pin down single-field slow-roll inflation as the mechanism for the generation of primordial perturbations: in fact we see that σ nt /n t will be very large, of order 10 for the r = 0.05 fiducial, and of order 100 for the r = 0.01 one. This tells us that the range of scales probed by the CMB will not be sufficient to test the scale dependence of the tensor spectrum in the next future: combining CMB measurements with direct detection experiments will be necessary.
Finally, we assume the best-fit from the Planck + BKP + LIGO-Virgo dataset, i.e. r = 0.045, n t = 0.35, as our fiducial model [113] : the simulated datasets used are Planck + BKP +AdvLIGO, COrE, COrE with 10% delensing and COrE + AdvLIGO (without delensing). We have chosen a ground-based direct detection experiment as additional observable because the lever arm with the scales probed by CMB anisotropies is the strongest available (see Fig. 1 ). Besides, since AdvLIGO will put constraints directly on Ω GW , it will be less dependent on the underlying cosmological models than observables like µ-distortions.
The results are reported in Fig. 6 and Tab. VI. The first thing to notice is that Planck + BKP + AdvLIGO will give a detection of the tensor tilt, while at 95% CL we will still have only upper bounds on r. This is due to the fact that AdvLIGO will actually be able to detect the stochastic background of GWs for these fiducial values of the tensor parameters: however, the tensor power at CMB scales is still too low for Planck + BKP to have a detection of r.
Comparing the forecasts from COrE [114] with those from the combination Planck + BKP + AdvLIGO, we see that COrE + 10% delensing will result in better constraints on the tensor parameters than what can be obtained from the evolution of LIGO to AdvLIGO. This is worthy of notice also because the constraints from COrE, that will be derived using data from a single experiment (and then with better control of systematics), will be more reliable.
We also see that combining COrE with the improved version of LIGO will allow to obtain tighter constraints on the tensor tilt than those coming from to COrE alone, even if a 10% delensing is taken into account. More precisely, there is roughly a factor of 5 improvement of σ nt . On the other hand, we see that the bounds on the tensor-to-scalar ratio are basically unaffected if we add AdvLIGO to the forecast.
We conclude this section with a brief discussion about inflationary models: more precisely about the possibility of having a model with r and n t equal to the best-fit from the Planck + BKP + LIGO-Virgo dataset. One of the main features of single-field slow-roll is the presence of the so-called consistency relation: it relates the tilt of the primordial tensor spectrum to the Hubble slow-roll parameter during inflation, H ≡ −Ḣ/H 2 , by
Single-field slow-roll models do not violate the Null Energy Condition (NEC)Ḣ < 0, thus predicting a red tensor spectral index n t < 0. It is possible, however, to construct models that violate the NEC and lead to a blue n t without incurring in instabilities, like G-inflation [115] and Ghost inflation [116] . While in Ghost inflation gravitational waves are predicted to be completely unobservable, G-inflation can give r = O(10 −2 ), n t = O(10 −1 ): however, it also predicts that the scalar and tensor modes tilt towards the same direction [117] , and a blue n s > 1 is well excluded by current data (see Tab. I).
If these inflationary models are hard-pressed to accomodate such values of the tensor tilt and the tensor-toscalar ratio, there are other scenarios that can predict a blue n t while keeping the scalar sector in accord with observations:
• particle or string sources produced during inflation can generate blue tensor modes consistent with the constraints from scalar fluctuations [117, 118] ;
• gauge field production in axion inflation [119, 120] can also lead to blue tensor spectra;
• it is possible to violate the tensor consistency relation also with higher-curvature corrections to the gravitational effective action (coming, e.g., from string theory) [121, 122] . In these cases, a time-dependent speed of sound of tensor perturbations changes the consistency relation to
In [122] the authors show that it is possible to make the factor B positive and of order one, and therefore have n t O(10 −1 ).
We refer to to Sec. VI C for a more detailed discussion about these models. TABLE V . Future constraints at 95% CL on the tensor-to-scalar ratio r and the tensor spectral index nt from a COrE-like mission (with and without 10% delensing). In none of this cases the contribution of N GW eff to N eff has been included.
V. CONCLUSIONS
In this paper we investigate the constraints on the primordial tensor power spectrum, assuming that it is described by a power law with tilt n t and tensor-to-scalar ratio r, normalized at a pivot scale k = 0.01 Mpc −1 . We compare the bounds from Cosmic Microwave Background temperature and polarization anisotropies alone with those obtained by adding to the analysis CMB spectral distortions (FIRAS), pulsar timing (European Pulsar Timing Array), and direct detection experiments such as LIGO-Virgo: we find that the gradually stronger lever arm allows to increase the sensitivity from r < 0.089, n t = 1.7
−2.0 (Planck + BKP, 95% CL) to r < 0.085, n t = 0.04
−0.85 (Planck + BKP + LIGO-Virgo, 95% CL). Taking into account the contribution of gravitational waves to the effective number of relativistic degrees of freedom N eff = 3.046 + N GW eff , and the subsequent effect of an increased radiation energy density on CMB angular spectra and primordial abundances, the bounds on r and n t further improve, arriving at r < 0.081, n t = −0.05
−0.84 (Planck + BKP, 95% CL). These limits on the tensor parameters are stronger than what results from the Planck + BKP + LIGO-Virgo dataset: it must be kept in mind, however, that one must make an explicit assumption about the scale (k UV ) beyond which primordial GWs are not produced, in order to express N GW eff in terms of the primordial tensor spectrum. Even by choosing this cutoff to be the scale crossing the horizon at the end of inflation, there is still freedom to vary it due to the uncertainties on the reheating mechanism. In this paper we make the assumption k UV = 10 23 Mpc −1 , which corresponds to having an instantaneous transition to radiation dominance after inflation ends: this is a conservative choice with respect to other works (which choose, e.g., k UV equal to the inverse Planck length), but can lead to an overestimation of N GW eff in the case of noninstantaneous reheating.
If the recently released 95 GHz data from Keck Array are added to the analysis, we find that, while the constraints on the tilt do not get appreciably better, the bounds on the tensor-to-scalar ratio are improved up to ∼ 20%: for the Planck + BK14 + LIGO-Virgo dataset we find r < 0.067 (95% CL), while the Planck + BK14 + EXT dataset gives r < 0.061 (95% CL).
We show that, even with the 10× improvement in sensitivity of the upcoming AdvLIGO, the constraints from CMB anisotropies alone will still be stronger than those coming from interferometers, if the contribution N GW eff to N eff is considered.
In the absence of detection, the posterior probability distribution for the tensor tilt will depend strongly on the prior: for this reason we have also investigated how a future COrE-like CMB mission will be able to constrain r and n t , in the case of fiducial cosmologies with r of order 10 −2 and n t = −r/8 (as per inflationary consistency relation). This value of r has been chosen because it is high enough to be in the reach of not-so-distant experiments like AdvACT.
We find that COrE will measure r with a σ r /r of order 10 −2 , while the relative uncertainty on n t will be much larger (of order 10 for the r = 0.05 fiducial and of order 100 for the r = 0.01 one). Subtracting lensing B-modes to 10% of their power (an feasible goal for experiments where noise can be brought down to ∼ 1 µK · arcmin after component separation) does little to improve these constraints: however, delensing allows a "CMB-only" mission to become competitive with the combination of Planck + BKP (BK14) and the upgrade of LIGO, i.e. AdvLIGO.
Finally, we consider a fiducial model where r and n t are those preferred by the Planck + BKP + LIGOVirgo dataset. We compare the forecasts for COrE with those for COrE combined with AdvLIGO, and we find that adding AdvLIGO will result in a order 5 improvement on σ nt with respect to constraints from CMB anisotropies alone, even if we assume that a 10% delensing will be carried out.
We conclude the summary of our results briefly discussing the forecasts for PIXIE [63] . PIXIE will provide both photometry and spectrometry: therefore it will allow to combine temperature and polarization constraints with those from spectral distortions, while reducing the risk of systematics caused by the combination of datasets from different experiments. However, we have found that adding the bounds on µ-distortions will not lead to a de-cisive improvement: the reason is that µ is dominated by the contribution of scalar perturbations for the values of r and n t allowed by the constraints from photometry alone. So, since the main constraining power will come from temperature and polarization anisotropies, we preferred to focus on COrE, whose primary goal will be to improve sensitivity to these two observables.
An interesting development of this work would be to consider upcoming experiments that will measure the expansion history more accurately, and reduce the error on the number N eff of massless degrees of freedom (see for example [123] : Fig. 2 -right panel) . In fact, a nondetection of extra radiation would impose strong constraints on the contribution of GWs to N eff , and then to the tensor parameters r and n t [124] .
Another possible development would be to consider a different parametrization of the primordial tensor power spectrum. The assumption of having a power law spectrum down to the scales probed by direct detection experiments is very strong: in the inflationary theory, the more one approaches the end of inflation, the more power spectra will the deviate by the slow-roll result [125] . Therefore, while writing ∆ 2 t (k) as a power law is still acceptable when one considers a small range of scales (like the one probed by the CMB), the inclusion of observables which probe scales up to k ≈ 10
19 Mpc −1 can become at odds with this simple parametrization. One possibility to avoid this problem would be to write ∆ 2 t (k) as a step function, and take its k-bins to be those shown in Fig. 1 .
While we were completing this work, [126] and [127] appeared to the arXiv. In the first paper, the authors study how the search for the primordial B-mode signal will be affected by any imperfect modeling of foregrounds, focusing on their impact on the tensor-to-scalar ratio. In this work we have assumed that foregrounds can be characterized well enough to be taken below instrumental noise: we will investigate the effect of foreground modeling for forecasts on the tensor tilt in a future work. In the second paper, the authors also combine bounds on the tensor tilt coming from CMB measurements (direct and indirect, through the effect of GWs on N eff ), together with pulsar timing and direct detection experiments: we find that, when direct comparison is possible, the results of our works overlap. We also note that [127] takes an alternative approach regarding the prior-dependence of the bounds in the absence of detection: they choose a logarithmic prior on the tensor-to-scalar ratio.
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VI. APPENDIX A. Horizon size at the end of inflation
One starts from the following identity for the number N of e-folds of inflation after a scale k has left the horizon (see [128] for a derivation)
where t reh marks the transition to radiation dominance. Then, by taking k = k end (i.e. N = 0) and making the standard assumption of reheating being a period of matter domination, one can show that
where E end = (αM P ) 4 and T reh = βM P are the energy density at the end of inflation and the temperature of the universe at the beginning of radiation dominance, respectively. Now: plugging in numerical values for the CMB temperature at the present time (T CMB ≈ 2.7 K), and assuming to have instant reheating (α = β) at the GUT scale E end ≈ 10
16 GeV (α ≈ 10 −2 ), the result is k end ≈ 2 × 10 23 Mpc −1 as reported in the main text.
B. Forecasting method
To describe the forecasting method used throughout this paper, we focus for simplicity on a single anisotropy spectrum of the Cosmic Microwave Background: the generalization to the full T , E, B spectra is straightforward [129] . We start from the expression for the likelihood of a full-sky experiment, i.e. (disregarding factors of 2π)
with data points ∆ (28) we assume that each component is Gaussian). In these formulas we have used a "hat" symbol to denote that the W c and a c m are those of the specific realization we observe, following [130] .
We will assume isotropic white noise in each channel, i.e.
Assuming statistical isotropy, the signal covariance matrix will be block diagonal in harmonic space: therefore the expression for the log-likelihood L ≡ −2 log L becomes
In this equation we denote by Tr the trace over the frequency channels, and all terms with i, j indices are understood as matrices. Besides we have defined the noise bias as
for a gaussian beam of beam-size variance σ (i) . Eq. (30) is the expression of the CMB likelihood, once we are given a map ∆ i m . In our forecasts, however, we do not construct explicitly a map, but we use the estimator that would be made from such a map, i.e.
where the hats denote the fact that the cosmological parameters are fixed to their "true" values. Therefore our expression for L becomes
Given fiducial cosmological parameters (which we assume are the ones describing the true universe) and the beam and noise specifications of the experiment (that are given in Tab. II for a COrE-like experiment), one can construct the likelihood for CMB anisotropies, and then use it in a Monte Carlo Markov Chain exploration of parameter space. Eq. (33) simplifies a little if we can consider the case of only one component (the CMB) and forget about foregrounds: however, one has still to take into account both auto-and cross-channel power spectra. For N c channels with the same noise level, considering both auto and cross power spectra is equivalent to have one frequency channel with an effective noise power spectrum lower by a factor N c . One can generalize these considerations to the case of channels with different noise levels. The optimal channel combination results in having an effective noise bias N given by [131] [132] [133] In reality the presence of foregrounds limits our ability of extracting the CMB signal from the data, and a full likelihood analysis should take them into account. Fortunately, each component scales differently in frequency (i.e. , every foreground has a different shape W c ): therefore it is possible to separate them using maps at different frequencies [134, 135] . This foreground subtraction will be the source of additional noise, depending on the level of foreground removal, which will contribute to the noise bias N (we refer to [133] for a more detailed analysis). In our forecasts we consider the case where this additional noise is much smaller than the instrumental noise of Eq. (31), so that Eq. (34) is recovered.
Therefore, normalizing the likelihood such that L = 0 at the fiducial values of the cosmological parameters, we have that (for BB spectra only) L = (2 + 1) − 1 +Ĉ tens +Ĉ lens + N C tens + C lens + N + log C tens + C lens + N Ĉtens +Ĉ lens + N ,
where the "tens" superscript labels the BB spectrum from primordial tensor modes, and the "lens" superscript labels B-modes due to gravitational lensing. As explained in Sec. III C , delensing will be implemented by rescaling C lens andĈ lens as
We will use the likelihood of Eq. (35) for the MCMC exploration of parameter space, with one additional caveat: in the case of a non full-sky experiment (where only part of the sky is observed or can be used for cosmology) not all modes are available for the analysis, and Eq. (33) does not hold. One can capture this effect by introducing the f sky parameter, which reduces the available modes by (2 + 1) → (2 + 1) × f sky .
We follow this approach in our forecast method (with f sky = 0.8 for the COrE satellite), and we refer the reader to [136] for better approximations.
In this appendix we briefly review two models that can produce blue gravity waves, while keeping the scalar sector in accord with observational constraints. In the model of [119] , the inflaton φ is an axion, and the breaking of its shift symmetry φ → φ + c allows for a coupling with a gauge field A µ (more precisely with its field strength F µν ) given by
where the dualF µν is µνρσ F ρσ and f is the axion decay constant. The parameter controlling the strength of gauge field production is
and one can show that the leading contribution to the A µ occupation numbers goes like e 2πξ / √ ξ. The produced gauge fields will act as a source for tensor modes, and the resulting tensor power spectrum (for the left and right polarizations L and R) will be [137] [138] [139] 
where the function f L (f R ) will be of order 4 × 10 −7 /ξ 6 (9 × 10 −10 /ξ 6 ) at large ξ [139, 140] . We see from Eq. (40) that, in the limit ofξ = 0, the additional contribution to the tensor power will not give a tilt different from the usual single-field slow-roll result: its only effect will be to enhance the value of r [119] . However ξ is increasing during inflation, and one can show that, in the limit where δ ξ ≡ξ/Hξ (the fractional variation per Hubble time of ξ) is small, the tensor tilt will receive a correction ≈ (4πξ − 6)δ ξ (see also [120] ). Therefore, for modestly large values of ξ, there is room to have 0 n t O(1).
The model described in [122] , instead, considers a coupling of the inflaton to the square of the Weyl tensor, i.e.
on top of the slow-roll action. Working out the action for tensor perturbations shows that they have a non-trivial speed sound c t . While c t does not deviate too much from unity, [122] shows that it can still have a sizable time dependence. The fractional change per Hubble time of the tensor speed of sound will give then a contribution to the tensor tilt n t , proportional to √ H : therefore the consistency relation of Eq. (24) will not hold in this model. The sign and magnitude of the proportionality factor are determined by the derivative of the function f and from the ratio H 2 /M 2 : with suitable choices for the scale of variation of f and for the scale M , the overall contribution can lead to blue tilt.
